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Abstract
How does the amplitude of a wiggle on a string change when the string
is stretched? We answer this question for both longitudinal and transverse
wiggles and for arbitrary equation of state, i.e., for arbitrary relation between
the tension τ and the energy per unit length ǫ of the string. This completes
our derivation of the renormalization of string parameters which results from
averaging out small scale wiggles on a string. The program is presented here
in its entirety.
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I. INTRODUCTION
In this paper, we give a general treatment of the renormalization of string parameters (the
energy per unit length, the tension, and the equation of state) when a coarse grained view of
a wiggly string is adopted. Although the formalism developed below may have applications
in other areas, our primary motivation has been to try and improve our understanding of
cosmic gauge strings [1]. Cosmic gauge strings are a prediction of certain grand unified
theories. They may be present in the universe today as thin line-like regions of space which
are hung up in a false vacuum of very high energy density. If one were to discover such
strings, one would have the opportunity of learning physics in an energy regime which is
completely out of reach of present earth-based laboratory experiments. As such, cosmic
gauge strings are worthy of careful theoretical analysis.
A gauge string is an example of a Nambu-Goto string, i.e. it has energy per unit length
ǫ equal to its tension τ : ǫ = τ ≡ µ, at the microscopic level. On the other hand, computer
simulations have shown that cosmic gauge strings acquire small scale structure [2,3]. The
effect of small scale structure is to increase the energy per unit length of a gauge string and
to decrease its tension when a coarse grained description of the wiggly string is adopted
[4,5]. Thus whereas the “bare” Nambu-Goto string has ǫ = τ ≡ µ, the renormalized wiggly
Nambu-Goto (RWNG) string, i.e. the coarse grained description of a wiggly Nambu-Goto
string, has ǫ¯ > µ and τ¯ < µ. As a consequence, the RWNG string does not obey the
Nambu-Goto equations of motion.
In ref. [6] were derived the relativistic equations of motion for general strings, i.e. strings
with arbitrary relation between the tension τ and the energy per unit length ǫ, including
RWNG strings. In addition, the renormalization of τ and ǫ that results from averaging out
small scale wiggles on a string was obtained in the general case to lowest order in the amount
of wiggliness. Let us state this latter result more precisely as follows.
Consider a string with energy per unit length ǫ and tension τ . Suppose that the string
has wiggles on it with characteristic wavelength λ but that the string is otherwise straight.
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Then an observer with resolution d≫ λ will see a straight string, assigning to it an energy
per unit length ǫ¯ > ǫ and tension τ¯ 6= τ . ǫ¯ and τ¯ were calculated to lowest order in the
amount of wiggliness. The result has the general form:
ǫ¯ = ǫ+ Cǫ(ǫ, τ,
dτ
dǫ
,
d2τ
dǫ2
, . . . )〈v2〉 (1.1a)
τ¯ = τ + Cτ (ǫ, τ,
dτ
dǫ
,
d2τ
dǫ2
, . . . )〈v2〉 (1.1b)
where 〈v2〉 is the average (velocity)2 which characterizes the wiggles. The coefficients Cǫ and
Cτ can be found in ref. [6]. As indicated in Eqs. (1.1), these coefficients depend solely upon
the equation of state τ(ǫ) of the original string. The equation of state of a string gives the
relationship between ǫ and τ when the string is slowly stretched. It must be derived from
the relevant microphysics.
The main purpose of the present paper is to derive the equation of state τ¯ (ǫ¯) of the
new string, which is the coarse grained description of the wiggly string we started from.
To do so we must obtain the response of 〈v2〉 to a slow stretching of the original wiggly
string. Once the equation of state τ¯ (ǫ¯) of the new string has been obtained we can compute
dτ¯
dǫ¯
, d
2τ¯
dǫ¯2
, . . . , and insert these into Eqs. (1.1) if we wish to average out wiggles on the new
string. The process of averaging out wiggles may then be repeated indefinitely, moving to
successively longer scales and producing “running” ǫ(k), τ(k), dτ
dǫ
(k), etc. These are the
quantities describing the string when all wiggles of wavelength shorter than λ = 2π
k
have
been averaged over.
The plan of the paper is as follows. In section II, we obtain the relativistic equations
of motion for strings with arbitrary equation of state. They are a generalization of the
Nambu-Goto equations of motion. These equations were already obtained in ref. [6] but we
repeat the derivation here for the sake of completeness and clarity. In section III, we obtain
the renormalization of ǫ and τ which results from averaging out wiggles on the string. For
the case of transverse wiggles the treatment and the results are the same as in ref. [6]. For
the case of longitudinal wiggles, we adopt a new and definition of what it means to add a
wiggle to a string. This changes the results for the renormalization of ǫ and τ from averaging
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out longitudinal wiggles compared to those in ref. [6]. We will discuss our motivation for
adopting the new definition. In section IV, we obtain the solution of the equations of motion
which describes a homogeneously stretching string. In section V, we study the behaviour
of small perturbations away from that solution. This will enable us to answer the question
that motivated us in the first place: how does the amplitude of a wiggle change when the
string is stretched? In section VI, we use the results to complete our derivation of the
renormalization of string parameters from averaging out small scale wiggles. In section VII,
we apply our results to the important special case of wiggly Nambu-Goto strings.
II. EQUATIONS OF MOTION FOR GENERAL STRINGS
Consider a string, i.e., an object whose stress-energy-momentum is localized on a line in
space. Let Xµ(σ) be the space-time coordinates of the worldsheet with respect to a Lorentz
reference frame. σ = (σ0, σ1) are arbitrarily chosen coordinates parametrizing points on the
worldsheet. The metric induced on the worldsheet is
hab(σ) = ∂aX
µ∂bX
νgµν(x), a, b = 0, 1 , (2.1)
where gµν is the space-time metric. For the purpose of this paper we will restrict ourselves
to the case gµν = ηµν = diag(1,−1,−1,−1). At point Xµ(σ) on the string lives the 2-
dim. stress-energy-momentum tensor
tab = (ǫ− τ)uaub + τ hab, (2.2)
where ǫ(σ) is the energy per unit length of the string, τ(σ) is its tension and ua(σ) is the
fluid velocity parallel to the string: uaua = +1. The 4-dim. stress-energy-momentum tensor
is then
T µν(x) =
∫
d2σ
√
−h tab(σ)∂aXµ(σ)∂bXν(σ)δ4
(
x−X(σ)
)
, (2.3)
where h = det(hab). This expression is both invariant under 2-dim. reparametrizations and
covariant under 4-dim. Lorentz transformations. The motion of the string must conserve
4-dim. energy and momentum. Thus
4
0 = ∂µT
µν(x) =
∫
d2σ
√−h tab∂aXµ∂bXν∂µδ4
(
x−X(σ)
)
=
∫
d2σ
√−h tab∂bXν∂aδ4
(
x−X(σ)
)
= −
∫
d2σ ∂a
[√−htab∂bXν
]
δ4
(
x−X(σ)
)
. (2.4)
The equations of motion for general strings are therefore
∂a
[√−h tab(σ)∂bXµ
]
= 0 (µ = 0, 1, 2, 3) . (2.5)
To complete the description of the string dynamics, we must supplement Eq. (2.5) with an
equation of state:
τ = τ(ǫ) . (2.6)
We then have five equations for the five unknowns: ~X⊥(σ), ǫ(σ), τ(σ), and β(σ) ≡ u1(σ)u0(σ) .
~X⊥(σ) represents the two transverse degrees of freedom of the string. β(σ) is its longitudinal
velocity. The five equations uniquely specify the time evolution that results from arbitrary
initial conditions. It was shown in ref. [6] that the case of the Nambu-Goto string is included
in this description. It corresponds to the equation of state ǫ = τ .
Eqs. (2.5) and (2.6) describe how the fluid motion along the string affects the motion
of the string in the transverse directions, and vice versa. This dynamics is purely classical.
However, there are also interesting quantum mechanical effects associated with the addition
of new degrees of freedom to a string. Indeed, consider a straight string at rest. From a
classical viewpoint, there are in this case no forces of the string upon the fluid attached
to it. However, from a quantum mechanical viewpoint, there are forces of the string upon
the fluid because the fluid distribution affects the quantum mechanical fluctuations of the
string. In ref. [7], these forces were calculated for the case of beads attached to a straight
string. In the present paper, such order h¯ effects are neglected.
III. RENORMALIZATION OF ǫ AND τ DUE TO WIGGLINESS
In this section, we derive in detail the renormalization of the energy per unit length and
the tension of a wiggly string which must be performed when a coarse grained description
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of the string is adopted. Consider first a straight motionless string lying along the x-axis.
This is a trivial static solution to Eqs. (2.5). It is given in the σ = (t, x) gauge by
Xµ(σ) = (t, x, 0, 0) (3.1a)
ǫ(t, x) = ǫ0 = constant (3.1b)
τ(t, x) = τ(ǫ0) = τ0 (3.1c)
β(t, x) = 0. (3.1d)
Next we perturb the string, exciting small oscillations about the static solution. In a coarse
grained view, the string appears straight and motionless again, but with the 4-dim. stress-
energy-momentum tensor:
T
µν
= diag(ǫ¯,−τ¯ , 0, 0)δ(y)δ(z) = 〈T µν〉, (3.2)
where T µν is the stress-energy-momentum tensor of the wiggly string and 〈T µν〉 is the space-
time average thereof. We have assumed, as we do throughout this paper, that the wiggles do
not carry average momentum with respect to the Lorentz frame in which the unperturbed
string is at rest. In order to compute 〈T µν〉, it is necessary to solve the linearized equations
of motion for the wiggles with appropriate initial conditions.
What are the appropriate initial conditions? Equivalently, one might ask: what does
it mean to add a wiggle to a string? Throughout this paper we will adopt the following
definition. Consider a length L of string whose unperturbed state is given by Eqs. (3.1). At
time t = 0, apply sudden infinite (impulse type) forces to the string which instantaneously
change its local longitudinal and transverse velocities without changing any positions. After
t = 0, let the string move freely. It can be shown that, for the purpose of the present
paper, that definition is equivalent to the following one. Consider a length L of string whose
unperturbed state is given by Eq. (3.1). Stretch this string longitudinally and/or transversely
keeping the position of the end points fixed in the laboratory frame of reference. Then let
the string move freely.
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For transverse wiggles in the y-direction, the initial condition consistent with our defini-
tion is
Xµ(0, x) = (0, x, 0, 0) (3.3a)
∂tX
µ(0, x) = (1, 0, y˙in(x), 0) (3.3b)
β(0, x) = 0 (3.3c)
ǫ(0, x) = ǫ0 (3.3d)
τ(0, x) = τ0, (3.3e)
where y˙in(x) is the initial transverse velocity at point x. Eqs. (3.3) are the initial conditions
for transverse wiggles used in ref. [6]. For longitudinal wiggles, the initial condition is
Xµ(0, x) = (0, x, 0, 0) (3.4a)
∂tX
µ(0, x) = (1, 0, 0, 0) (3.4b)
β(0, x) = βin(x) (3.4c)
ǫ(0, x) = ǫ0 − 1
2
(ǫ0 − τ0)βin2(x) +O(βin4) (3.4d)
τ(0, x) = τ(ǫ(0, x)), (3.4e)
where βin(x) is the initial longitudinal velocity at point x. Eqs. (3.4) are not the initial
conditions for longitudinal wiggles used in ref. [6]. In ref. [6], we set ǫ(0, x) = ǫ0 and
τ(0, x) = τ0. We will give the reasons for the change in section V. With the definition
adopted in this paper of what it means to add a wiggle to a string, we must use Eqs. (3.4).
Indeed, consider a small length ∆L of string at point x. At time t = 0, since positions do not
change instantaneously, that length does not change in the laboratory frame of reference.
Therefore, because of Lorentz contraction, in the local instantaneous rest frame of the string
after t = 0, that small piece of string has length
∆L[1 − βin2(x)]−1/2 = ∆L[1 + 1
2
βin
2(x)] +O(βin4). (3.5)
In its rest frame, the piece of string got stretched. The stretching of the proper length ∆L
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by the amount d∆L = 1
2
βin
2(x)∆L produces a decrease dǫ in the energy per unit length
which is readily obtained by equating the change in energy with the work done:
d(ǫ∆L) = τd∆L (3.6)
which yields
dǫ = −(ǫ− τ)d∆L
∆L
= −1
2
(ǫ− τ)β2in, (3.7)
which in turn yields Eq. (3.4d). Eq. (3.4e) then follows from the equation of state.
We are now ready to proceed. Let us first analyze longitudinal wiggles. The longitudi-
nally perturbed string is described in the σ = (t, x) gauge by
Xµ(t, x) = (t, x, 0, 0) (3.8a)
β(t, x) = β1(t, x) + β2(t, x) + . . . (3.8b)
ǫ(t, x) = ǫ0 + ǫ1(t, x) + ǫ2(t, x) + . . . (3.8c)
τ(t, x) = τ0 + τ1(t, x) + τ2(t, x) + . . . , (3.8d)
where the expansions are in powers of βin. The equation of state relates τ and ǫ. Hence
τ1 = +
dτ
dǫ
∣∣∣
0
ǫ1 = −v2L,0ǫ1, (3.9a)
τ2 = −v2L,0ǫ2 +
1
2
d2τ
dǫ2
∣∣∣
0
ǫ21, (3.9b)
where vL,0 ≡
√
−dτ
dǫ
|0. The 2-dim. stress-energy-momentum tensor is
(
tab
)
=

 (ǫ− τ)γ
2 + τ (ǫ− τ)γ2β
(ǫ− τ)γ2β (ǫ− τ)γ2β2 − τ

 , (3.10)
where γ = (1− β2)−1/2. The linearized equations of motion are
ǫ˙1 + (ǫ0 − τ0)β ′1 = 0 (3.11a)
(ǫ0 − τ0)β˙1 + v2L,0ǫ′1 = 0, (3.11b)
where dots and primes denote derivatives with respective to t and x respectively. If the
longitudinal oscillation is initiated by giving longitudinal velocity βin(x) = βin sin kx at time
t = 0, then the solution to Eqs. (3.11) and (3.4) is
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β1(t, x) = βin sin kx cos vL,0kt (3.12a)
ǫ1(t, x) = −(ǫ0 − τ0) βin
vL,0
cos kx sin vL,0kt. (3.12b)
Eqs. (3.12) show that, as was implied by our notation, vL,0 is the phase velocity of longitudinal
wiggles. 〈T µν〉 must be computed up to second order in βin. Using Eqs. (2.3), (3.2), (3.4),
(3.9), and the fact that 〈ǫ1〉 = 〈β1〉 = 0, we find
ǫ¯ = 〈t00〉 = ǫ0 + 〈ǫ2〉+ (ǫ0 − τ0)〈β21〉 (3.13a)
0 = 〈t01〉 = (ǫ0 − τ0)〈β2〉+ (1 + v2L,0)〈ǫ1β1〉 (3.13b)
−τ¯ = 〈t11〉 = −τ0 + (ǫ0 − τ0)〈β21〉+ v2L,0〈ǫ2〉 −
1
2
d2τ
dǫ2
∣∣∣
0
〈ǫ21〉. (3.13c)
Eq. (3.13b) expresses our assumption that there is no net flow of momentum in either
direction. To determine 〈ǫ2〉 we use the equation of motion in the time-like direction, to
second order in βin:
ǫ˙2 + 2(ǫ0 − τ0)β1β˙1 + (ǫ0 − τ0)β ′2 + (1 + v2L,0)[ǫ1β1]′ = 0. (3.14)
Averaging Eq. (3.14) over an interval 0 ≤ x ≤ L, we obtain
∂t
1
L
∫ L
0
dx[ǫ2 + (ǫ0 − τ0)β21 ] = O(
1
L
). (3.15)
This equation merely tells us that the average energy associated with the longitudinal per-
turbation is time-independent. So we may evaluate the average energy from the initial
condition alone, using Eqs. (3.4d) and (3.12a):
〈ǫ2〉+ (ǫ0 − τ0)〈β21〉 =
1
L
∫ L
0
dx
[
ǫ2 + (ǫ0 − τ0)β21
]
t=0
=
1
4
(ǫ0 − τ0)β2in = (ǫ0 − τ0)〈β21〉. (3.16)
Hence
〈ǫ2〉 = 0. (3.17)
The renormalized energy per unit length and tension due to longitudinal perturbations are
therefore
9
ǫ¯L = ǫ0 + (ǫ0 − τ0)〈β21〉 (3.18a)
τ¯L = τ0 − (ǫ0 − τ0)〈β21〉
[
1 + (ǫ0 − τ0)d ln vL
dǫ
∣∣∣
0
]
, (3.18b)
to lowest non-trivial order in the amount of wiggliness. The amount of longitudinal wig-
gliness is characterized in our formalism by 〈β21〉. Eqs. (3.18) differ from the corresponding
equations in ref. [6] because we use here a different definition of what is meant by adding a
wiggle to the string. The inadequacy of the definition used in ref. [6] did not become appar-
ent to us until we studied the behaviour of the wiggles when the string is being stretched
(see section V).
Next let us consider transverse wiggles. In the gauge σ = (t, x), the space-time coordi-
nates of a wiggly string whose average direction is along the x-axis is
(Xµ(t, x)) = (t, x, y(t, x), z(t, x)), (3.19)
where y(t, x) and z(t, x) average to zero. The induced metric of the worldsheet is
(hab) =

 1− y˙
2 − z˙2 −y˙y′ − z˙z′
−y˙y′ − z˙z′ −1 − y′2 − z′2

 . (3.20)
Let us write
ǫ(t, x) = ǫ0 + ǫ1(t, x) (3.21a)
τ(t, x) = τ0 − v2L,0ǫ1(t, x) +O(ǫ21). (3.21b)
We will see below that ǫ1 and β are of second order in y and z. The 2-dim. stress-energy-
momentum tensor up to second order in y and z is then
(tab) =

 ǫ0 + ǫ1 + ǫ0(y˙
2 + z˙2) (ǫ0 − τ0)β − τ0(y˙y′ + z˙z′)
(ǫ0 − τ0)β − τ0(y˙y′ + z˙z′) −τ0 + v2L,0ǫ1 + τ0(y′2 + z′2)

 . (3.22)
Because of rotational symmetry around the x-axis and the lack of mixing between the y-
and z-components of the wiggles up to second order, we set z = 0 and focus solely on the
y-component from hereon. Up to second order in y, the equations of motion are
10
ǫ0y¨ − τ0y′′ = 0 (3.23a)
ǫ˙1 + (ǫ0 − τ0)β ′ + (ǫ0 − τ0)y˙′y′ = 0 (3.23b)
(ǫ0 − τ0)β˙ + v2L,0ǫ′1 + τ0y′(y′′ − y¨) = 0. (3.23c)
Eq. (3.23a) tells us that transverse wiggles are sinusoidal waves with phase velocity vT,0 =
√
τ0
ǫ0
. Eqs. (3.23b) and (3.23c) may be combined to produce wave equations for ǫ1 and β
with source terms:
ǫ¨1 − v2L,0ǫ′′1 = −
1
2
[ǫ0∂
2
t − τ0∂2x](y˙2 + y′2) (3.24a)
β¨ − v2
L,0
β ′′ =
v2
L,0
− v2
T,0
2(1− v2
T,0
)
∂t∂x(y˙
2 + y′
2
) +
v2
T,0
1− v2
T,0
[∂2t − v2L,0∂2x]y˙y′. (3.24b)
These equations show that transverse wiggles induce perturbations in ǫ and β which are
second order in y.
Let us initiate the transverse wiggle by imposing the initial conditions (3.3) with y˙in(x) =
y˙(0, x) = yinvT,0k sin kx. Then Eq. (3.23a) implies
y(t, x) = yinvT,0k sin kx sin vT,0kt. (3.25)
From Eq. (3.23b), we obtain
∂t
1
L
∫ L
0
dx[ǫ1 +
1
2
(ǫ0 − τ0)y′2] = O( 1
L
). (3.26)
Hence
〈ǫ1〉+ 1
2
(ǫ0 − τ0)〈y′2〉
=
1
L
∫ L
0
dx
[
ǫ1 +
1
2
(ǫ0 − τ0)y′2)
]
t=0
= 0, (3.27)
since y′(0, x) = ǫ1(0, x) = 0. Therefore,
〈ǫ1〉 = −1
2
(ǫ0 − τ0)〈y′2〉
= −1
2
(ǫ0 − τ0)ǫ0
τ0
〈y˙2〉 (3.28)
From Eqs. (2.3), (3.2), (3.22) and (3.28) we obtain
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ǫ¯T = 〈
√−ht00〉 = ǫ0 + ǫ0(〈y˙2〉+ 〈z˙2〉) (3.29a)
τ¯T = −〈
√−ht11〉 = τ0 − 1
2
(〈y˙2〉+ 〈z˙2〉)[τ0 + ǫ0 + v2L,0ǫ0(1−
ǫ0
τ0
)], (3.29b)
for the renormalized energy per unit length and tension from averaging out small scale
transverse wiggles. Combining Eqs. (3.18) and (3.29), the renormalization group equations
(RGE) for ǫ(k) and τ(k) are
− dǫ
d ln k
= WT (k)ǫ+WL(k)(ǫ− τ) (3.30a)
− dτ
d ln k
= −1
2
WT (k)
[
τ + ǫ+ v2
L
ǫ(1− ǫ
τ
)
]
−WL(k)(ǫ− τ)
[
1 + (ǫ− τ)d ln vL
dǫ
]
, (3.30b)
where WT (k) and WL(k) are the spectral densities on a ln k scale of 〈y˙2〉 + 〈z˙2〉 and 〈β2〉
respectively.
However, as was already emphasized in ref. [6] and also in the introduction, Eqs. (3.30)
are not by themselves complete since the equation of state, as given by v2
L
= −dτ
dǫ
, d ln vL
dǫ
=
− 1
2v2
L
d2τ
dǫ2
, etc., is also modified by the wiggles and hence varies from scale to scale. To obtain
the modification of the equation of state from averaging out small scale wiggles we must
study the response of the wiggles to an adiabatic stretching of the string.
IV. HOMOGENEOUS STRETCHING SOLUTIONS
In this section we find the solution of the equations of motion which describes a straight
string which is stretching uniformly. Later we will add wiggles onto this background solution
and we will study how the wiggles’ amplitudes respond to the adiabatic stretching.
Our homogeneous stretching ansatz is that the gradient of ǫ, and hence the gradient of
τ as well, be everywhere parallel to the local 2-velocity:
∂aǫ = C(σ)ua. (4.1)
Using uaua = 1, one readily obtains
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(hab − uaub) ∂bǫ = 0, (4.2)
as an equivalent expression.
Let us assume that the string is lying along the x-axis. In the σ = (t, x) gauge, Eq. (4.1)
is equivalent to
∂xǫ+ β∂tǫ = 0. (4.3)
Also in this gauge the equations of motion (2.5) become simply
∂at
ab = 0, b = 0, 1 , (4.4)
where tab is given by Eq. (2.2) with (hab) = (ηab) = diag(1,−1).
The component of Eqs. (4.4) which is perpendicular to ua [i.e., (hcb−ucub)∂a tab = 0] and
Eq. (4.2) together imply
uc∂cu
b = 0, (4.5)
which is equivalent to the statement that the trajectory of any comoving point on the string
has zero acceleration:
dβ
dt
= ∂tβ + β∂xβ = 0. (4.6)
This result can be easily understood. Indeed, because the string is homogeneously stretching,
in the instantaneous rest frame of any physical point of the string, the string on both sides
of the point appears the same (i.e., the right hand side is the reflection of the left hand side)
and hence there can be no force on the point by symmetry.
Consider the physical point which at time t = 0 is located at x = x0. At later times, it
is located at
x(t, x0) = x0 + tβ0(x0), (4.7)
where β0(x0) = β(0, x0). We have
β(t, x(t, x0)) = β0(x0). (4.8)
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Taking the derivative of Eq. (4.8) with respect to x0, we obtain
∂xβ(t, x(t, x0)) =
H(x0)
1 + tH(x0)
, (4.9)
where H(x0) ≡ dβ0dx0 .
Next, let us analyze the component of the equations of motion which is parallel to ua:
ub∂a t
ab = 0. This may be rewritten as
ua∂aǫ = −(ǫ− τ)∂aua, (4.10)
and then again as
dǫ
dt
= ∂tǫ+ β∂xǫ = −(ǫ− τ)∂xβ. (4.11)
We may integrate Eq. (4.11) along the trajectory of any physical point on the string. Using
Eq. (4.9), this yields
∫ ǫ(0,x0)
ǫ(t1,x(t1,x0))
dǫ
ǫ− τ(ǫ) =
∫ t1
0
H(x0)
1 + tH(x0)
dt = ln
[
1 + t1H(x0)
]
. (4.12)
Eq. (4.12) determines ǫ(t, x) in terms of the initial conditions ǫ(0, x0) and β(0, x0) ≡ β0(x0).
We now demand that the resulting ǫ(t, x) satisfy the homogeneous stretching ansatz (4.3).
Taking the derivative of Eq. (4.12) with respect to x0 and using Eq. (4.3), we obtain
dǫ(0, x0)
dx0
= (ǫ(x0)− τ(x0))
[β0(x0)H(x0)
1− β0(x0)2 +
t1
dH
dx0
1 + t1H(x0)
]
. (4.13)
This requires dH
dx0
= 0 or
β0(x0) = Hx0, where H = constant, (4.14)
and
dǫ(0, x0)
dx0
=
[
ǫ(x0)− τ(x0)
] Hx0
1−H2x20
. (4.15)
Eqs. (4.14) and (4.15) give the initial conditions which produce a homogeneous stretching
solution. Note that the solution depends on only two parameters: H and ǫ(0, 0). Note also
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that the solution exists only in a limited region of space-time. At the initial time (t = 0), the
solution exists only for | x0 |< H−1. At other times, the solution exist only for | x |< H−1+t.
See Fig. I.
This homogeneous stretching solution may be obtained in another, possibly more elegant,
way. Let us choose coordinates (λ, σ) such that a comoving point on the string is always
labeled by the same space-like coordinate σ, and such that the direction of the time-like
coordinate λ is everywhere orthogonal to that of σ, in the Minkowskian sense. In this
coordinate system, u1 = 0 and hence the homogeneity condition (4.1) implies ǫ = ǫ(λ). The
induced metric is still diagonal however. Since ǫ does not depend upon σ, we may assume,
as part of our homogeneity ansatz, that the metric also does not depend upon σ. We may
then choose λ in such a way that
(hab) = a
2(λ)

 1 0
0 −1

 , (4.16)
which is equivalent to the following three conditions relating (t, x) and (λ, σ):
t˙2 − x˙2 = a2(λ) (4.17a)
t˙t′ − x˙x′ = 0 (4.17b)
t˙′
2 − x˙′2 = −a2(λ) (4.17c)
where the dots and primes denote derivatives with respect to λ and σ respectively. Eqs. (4.17)
may be rewritten as
∂(t, x)
∂(λ, σ)
= a(λ)

 coshψ(λ, σ) sinhψ(λ, σ)
sinhψ(λ, σ) coshψ(λ, σ)

 , (4.18)
where ψ(λ, σ) and a(λ) are as yet unknown functions. They are constrained by the commu-
tativity of partial derivatives which implies
aψ′ sinhψ = a˙ sinhψ + aψ˙ coshψ (4.19a)
aψ′ coshψ = a˙ coshψ + aψ˙ sinhψ. (4.19b)
These equations in turn imply
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(aψ′ − a˙)2 = a2ψ˙2 (4.20a)
aψ˙ tanhψ = aψ′ − a˙, (4.20b)
which in turn imply
ψ′ − a˙
a
= ψ˙ tanhψ = ±ψ˙. (4.21)
The solution ψ = constant, a = constant, with tanhψ = ±1, does not yield an invertible
metric and hence is not acceptable. The unique remaining solution is
ψ = Hσ, a = eHλ (4.22)
where H is a constant. Substituting this back into Eqs. (4.18) and solving the corresponding
partial differential equations for t(λ, σ) and x(λ, σ), we obtain
t =
1
H
(eHλ coshHσ − 1) (4.23a)
x =
1
H
eHλ sinhHσ, (4.23b)
where the constants of integration were fixed by requiring the point (t, x) = (0, 0) to be
mapped onto the point (λ, σ) = (0, 0). See Fig. I.
The 2-velocity in the (λ, σ) coordinates is ( 1
a
, 0). By transforming back to the (t, x)
coordinates, we find
β(t, x) =
u1
u0
∣∣∣
(t,x)
= tanhHσ =
Hx
1 +Ht
, (4.24)
which is consistent with our previous description [cf. Eqs. (4.9) and (4.14)]. The only
independent equation of motion in (λ, σ) coordinates is
ǫ˙ = −(ǫ− τ)H. (4.25)
Again, this is consistent with our previous description [cf. Eqs. (4.11) and (4.15)]. Eq. (4.25)
determines ǫ(λ) for a given equation of state. For example, the renormalized wiggly Nambu-
Goto string equation of state, ǫτ = µ2 (see section VII), yields
ǫ(λ) =
√
µ2 + e−2Hλ(ǫ2i − µ2), (4.26)
where ǫi is the energy per unit length on the λ = 0 hypersurface: (1 +Ht)
2 −H2x2 = 1.
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V. STRETCHING A WIGGLY STRING
We now add wiggles as small deviations away from the solution describing a homoge-
neously stretching string. In the comoving orthogonal gauge, (σ0, σ1) ≡ (λ, σ), introduced
in the previous section, the unperturbed string is described by
(Xµ) = (t(λ, σ), x(λ, σ), 0, 0) (5.1a)
ǫ = ǫ0(λ) (5.1b)
τ = τ(ǫ0(λ)) ≡ τ0(λ) (5.1c)
(ua) = (e−Hλ, 0). (5.1d)
where ǫ0(λ) is the solution of Eq. (4.25), and t(λ, σ) and x(λ, σ) are given in Eqs. (4.23).
Let us first discuss longitudinal wiggles. In that case, the perturbed string is described
by
(Xµ) = (t(λ, σ), x(λ, σ), 0, 0) (5.2a)
ǫ = ǫ0(λ) + ǫ1(λ, σ) (5.2b)
τ = τ(ǫ) = τ0(λ)− v2L,0(λ)ǫ1(λ, σ) +O(ǫ21) (5.2c)
(ua) =
e−Hλ√
1− β2 (1, β), (5.2d)
with t(λ, σ) and x(λ, σ) still given by Eqs. (4.23), and v2
L,0
(λ) = −dτ
dǫ
(ǫ0(λ)). The stress-
energy-momentum tensor is
(tab) = e−2Hλ

 (ǫ− τ)γ
2 + τ (ǫ− τ)γ2β
(ǫ− τ)γ2β (ǫ− τ)γ2β2 − τ

 . (5.3)
The equations of motion may be shown to be equivalent to
∂λ[(ǫ− τ)γ2 + τ ] + ∂σ[(ǫ− τ)γ2β] +H(ǫ− τ)γ2(1 + β2) = 0 (5.4a)
∂λ[(ǫ− τ)γ2β] + ∂σ[(ǫ− τ)γ2β2 − τ ] + 2H(ǫ− τ)γ2β = 0. (5.4b)
From Eqs. (5.4), one readily obtains the equations of motion first order in β and δ ≡ ǫ1
ǫ0
:
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∂λδ +H(v
2
L,0
+ v2
T,0
)δ + (1− v2
T,0
)∂σβ = 0 (5.5a)
(1− v2
T,0
)∂λβ +H(1− v2T,0)(1− v2L,0)β + v2L,0∂σδ = 0. (5.5b)
Since the coefficients in Eqs. (5.5) do not depend upon σ, we may write
β(λ, σ) = β(λ)eikσ, δ(λ, σ) = δ(λ)eikσ, (5.6)
where k is the wavevector in the comoving coordinates. We are interested in the regime
where the wiggle is being stretched adiabatically. This requires H ≪ k. Therefore we drop
terms of order H2, H
dvL,0
dλ
, etc., as we rearrange Eqs. (5.5) to separate δ and β:
δ¨ +H(1 + 2v2
T,0
+ v2
L,0
)δ˙ + v2
L,0
k2δ = 0 (5.7a)
β¨ + [
d
dλ
ln(
1− v2
T,0
v2
L,0
) +H(1 + v2
T,0
)]β˙ + v2
L,0
k2β = 0. (5.7b)
Because the coefficients in Eqs. (5.7) are slowly varying functions of λ, we may solve these
equations by the method of adiabatic invariants. This yields
δ(λ, σ) = Ce−Hλ
[ 1− v2
T,0
(λ)
ǫ0(λ)vL,0(λ)
]1/2
eik[σ±
∫ λ
dλ′vL,0(λ
′)] (5.8a)
β(λ, σ) = −Ce−Hλ
[ vL,0(λ)
(1− v2
T,0
(λ))ǫ0(λ)
]1/2
eik[σ±
∫ λ
dλ′vL,0(λ
′)], (5.8b)
where C is a constant. These equations tell us how the amplitude and the phase of a
longitudinal wiggle change when the string is slowly stretched.
As was mentioned in section I and III, we modified in this paper the definition of what
it means to add a wiggle to a string, from what it was in ref. [6]. We are finally in a position
to explain what prompted the modification. With the definition used in ref. [6], one has,
instead of Eq. (3.17),
〈ǫ2〉 = (ǫ0 − τ0)〈β2〉 (5.9)
for longitudinal wiggles. Hence there are in this case two equal contributions, 〈ǫ2〉 and
(ǫ0 − τ0)〈β2〉, to the renormalization of ǫ0 (see Eq. (3.13)). However, when this string is
stretched and the analysis presented above is applied to it, one finds that 〈ǫ2〉 and (ǫ0−τ0)〈β2〉
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do not remain equal during the stretching. Their rates of decrease are different. The reason
for this phenomenon is that what was called “adding a longitudinal wiggle to a string”
in ref. [6] actually has two different components. The first component is a homogeneous
modification of the original string, and the second component is adding a wiggle. The two
components behave differently under homogeneous stretching.
Next, let us consider transverse wiggles. The wiggly string is described by
(Xµ) = (t(λ, σ), x(λ, σ), y(λ, σ), 0) (5.10a)
ǫ = ǫ0(λ) + ǫ1(λ, σ) (5.10b)
τ = τ(ǫ) = τ0(λ)− v2L,0ǫ1(λ, σ) +O(ǫ21) (5.10c)
(hab) = e
2Hλ

 1 0
0 1

−

 y˙
2 y˙y′
y˙y′ y′
2

 (5.10d)
(ua) =
(1, β)√
e2Hλ(1− β2)− (y˙ + βy′)2
. (5.10e)
The linearized equation of motion for y, which follows from the µ = 2 component of
Eqs. (2.5), is
∂λ[ǫ0(λ)∂λ y]− τ0(λ)∂2σ y = 0 . (5.11)
Again we set y(λ, σ) = y(λ) eikσ and use the method of adiabatic invariants to find
y(λ, σ) =
C ′
[ǫ(λ)τ(λ)]1/4
eik[σ±
∫ λ
dλ′vT,0(λ
′)]. (5.12)
Eq. (5.12) tells us how the amplitude and the phase of a transverse wiggle change when the
string is slowly stretched.
VI. RENORMALIZATION OF THE EQUATION OF STATE DUE TO
WIGGLINESS
The equation of state function τ(ǫ) is equivalent to the infinite set of parameters: ǫ, τ ,
dτ
dǫ
≡ −v2
L
, d
2τ
dǫ2
, d
3τ
dǫ3
, . . . . In ref. [6] and in section III of this paper, the renormalization of the
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first two of these parameters, ǫ and τ , which results from averaging out small scale wiggles
on the string was obtained to lowest order in the amount of wiggliness. It has the form:
ǫ¯ = ǫ+ Cǫ(ǫ, τ, vL, . . . )〈v2〉 (6.1a)
τ¯ = τ + Cτ (ǫ, τ, vL, . . . )〈v2〉 (6.1b)
where 〈v2〉 is the average (velocity)2 associated with the wiggle. The coefficients Cǫ and
Cτ are given in Eqs. (3.18) and (3.29) for longitudinal and transverse wiggles respectively.
In the previous section, we derived the response of the wiggles to a slow stretching of the
string. We now use these results to derive, in principle, the renormalization of all the other
parameters (d
nτ
dǫn
, n = 1, 2, 3, . . . ) that characterize the equation of state.
We wish to determine the coefficients Cn:
dnτ¯
dǫ¯n
=
dnτ
dǫn
+ Cn〈v2〉+O(v4) (6.2)
for n = 1, 2, 3, . . . . What we will succeed in doing is to derive a recursion formula for these
Cn. Let us call
1
H
dX
dλ
the rate of change of quantity X under slow stretching. The notation
1
H
d
dλ
is taken from the previous section. We have
1
H
dǫ
dλ
= −(ǫ− τ) (6.3a)
1
H
d
dλ
dnτ
dǫn
= −(ǫ− τ)d
n+1τ
dǫn+1
(6.3b)
1
H
d
dλ
Cn = −(ǫ− τ)dCn
dǫ
. (6.3c)
Eq. (6.3a) is the same as Eq. (4.25). Eqs. (6.3b) and (6.3c) follow from the fact that, through
the equation of state, τ , d
nτ
dǫn
, Cǫ, Cτ , Cn are functions of ǫ only. The crucial information
gained in the previous section is the rate of change of 〈v2〉 under slow stretching. Let us
define coefficients Dv by
1
H
d
dλ
〈v2〉 = −Dv〈v2〉. (6.4)
Expressions for the coefficients Dv for both transverse and longitudinal wiggles may be
obtained from Eqs. (5.8b) and (5.12). They are given below. Suffice it to say for the
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moment that the coefficients Dv, like the coefficients Cn, are functionals of the equation of
state only. Combining Eqs. (6.1), (6.2), (6.3) and (6.4), we have
dn+1τ¯
dǫ¯n+1
=
1
H
d
dλ
dnτ¯
dǫ¯n
1
H
d
dλ
ǫ¯
=
dn+1τ
dǫn+1
+ 〈v2〉[dCn
dǫ
+ CnDv
ǫ−τ
]
1 + 〈v2〉[dCǫ
dǫ
+ CǫDv
ǫ−τ
]
. (6.5)
Hence, the recursion formula:
Cn+1 =
dCn
dǫ
+
CnDv
ǫ− τ −
dn+1τ
dǫn+1
[dCǫ
dǫ
+
CǫDv
ǫ− τ
]
, (6.6)
which allows one, in principle, to compute all the coefficients Cn successively starting with
Cτ ≡ C0. However, for a general equation of state, the coefficients Cn quickly become very
complicated.
For transverse wiggles, using Eqs. (5.12), (6.3a) and (6.3b) and the fact that
1
H
d
dλ
ln kphys = −1, we obtain
1
H
d
dλ
〈y˙2〉 = 1
H
d
dλ
[k2physv
2
T
〈y2〉]
= 〈y˙2〉[−2 + 1
2
(1− τ
ǫ
)(3 + v2
L
)] (6.7)
where kphys is the physical wavevector as opposed to the comoving wavevector k introduced
in Eq. (5.6). Thus for transverse wiggles, from Eqs. (3.29) and (6.7), we have
〈v2〉 = 〈y˙2〉+ 〈z˙2〉 (6.8a)
Cǫ = ǫ (6.8b)
Cτ = C0 = −1
2
[τ + ǫ− ǫ(1 − ǫ
τ
)
dτ
dǫ
] (6.8c)
Dv = +2− 1
2
(1− τ
ǫ
)(3− dτ
dǫ
). (6.8d)
These expressions may be fed into Eq. (6.6) to obtain the coefficients Cn for transverse
wiggles. The first one is
C1 =
1
4
+
3
4
τ
ǫ
− τ + ǫ
ǫ− τ −
dτ
dǫ
[1
2
+
1
4
ǫ
τ
+
1
4
τ
ǫ
+
(ǫ+ τ)ǫ
τ(ǫ− τ)
]
+
1
2
d2τ
dǫ2
ǫ(1− τ
ǫ
) +
1
2
(dτ
dǫ
)2[ ǫ2
τ 2
− 1
2
(1 +
ǫ
τ
)
]
. (6.9)
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For longitudinal wiggles, using Eqs. (5.8b) and (6.3), we obtain
1
H
d
dλ
〈β2〉 = 1
H
d
dλ
[
C2e−2Hλ
vL
ǫ(λ)− τ(λ)
]
= 〈β2〉
[
− 1 + v2
L
− (ǫ− τ)d ln vL
dǫ
]
. (6.10)
From Eqs. (3.13) and (6.10), we have then
〈v2〉 = 〈β2〉 (6.11a)
Cǫ = ǫ− τ (6.11b)
Cτ = −(ǫ− τ)
[
1 + (ǫ− τ)d ln vL
dǫ
]
(6.11c)
Dv = 1− v2L + (ǫ− τ)
d ln vL
dǫ
. (6.11d)
These expressions may be fed into Eq. (6.6) to obtain the coefficients Cn for longitudinal
wiggles. The first one is
C1 = −2− 2dτ
dǫ
− 4(ǫ− τ)d ln vL
dǫ
−(ǫ− τ)2
(d ln vL
dǫ
)2 − (ǫ− τ)2d
2 ln vL
dǫ2
. (6.12)
VII. WIGGLY NAMBU-GOTO STRINGS
In this section, we apply our formalism to the case of gauge strings or any other strings
which at the microscopic level obey the Nambu-Goto (NG) equation of state ǫ = τ = µ. In
this case,
CǫT = µ, CτT = −µ (7.1a)
DvT = 2 (7.1b)
CǫL = CτL = 0, (7.1c)
where the subscripts T and L stand for transverse and longitudinal respectively. Eq. (7.1c)
reflects the fact that Nambu-Goto strings can not have longitudinal oscillations. They may
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have transverse oscillations and Eq. (7.1a) tells us that the string parameters characterizing
the renormalized wiggly Nambu-Goto (RWNG) string are
ǫ¯ = µ(1 + 〈y˙2〉+ 〈z˙2〉) (7.2a)
τ¯ = µ(1− 〈y˙2〉 − 〈z˙2〉) (7.2b)
to lowest order in 〈y˙2〉 and 〈z˙2〉. From Eq. (7.1b), or more directly from Eq. (5.12) with
ǫ0 = τ0 = µ, we learn that if a wiggly Nambu-Goto string is stretched, the amplitude of the
wiggle does not change. Vilenkin [1] had already established this fact in the case of a wiggly
Nambu-Goto string that is being stretched by the expansion of the universe. A simple way
to derive this result is as follows. Under homogeneous stretching, using Eqs. (7.2), we have:
1
H
dǫ¯
dλ
= −(ǫ¯− τ¯ ) = −2µ(〈y˙2〉+ 〈z˙2〉)
=
µ
H
d
dλ
(〈y˙2〉+ 〈z˙2〉). (7.3)
This implies
1
H
d
dλ
ln(〈y˙2〉+ 〈z˙2〉)
=
1
H
d
dλ
ln[k2phys(〈y2〉+ 〈z2〉)] = −2, (7.4)
and hence
1
H
d
dλ
(〈y2〉+ 〈z2〉) = 0 (7.5)
since 1
H
d
dλ
ln kphys = −1. While the string is being stretched, ǫ¯ decreases and τ¯ increases in
such a way as to keep ǫ¯τ¯ = µ2. This is the equation of state of the RWNG string to the
order to which we have calculated.
Now we add wiggles to the RWNG string. We may do that if the wavelength of the
new wiggles are long compared to the wavelength of the wiggles that have already been
averaged over. The equation of state that must be fed into Eqs. (3.18) and (3.29) to obtain
the renormalized values of ǫ and τ which result from averaging out wiggles on the RWNG
string is ǫτ = µ2. But it now turns out, remarkably, that the equation of state ǫτ = µ2 is
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a fixed point of the renormalization group equations (3.30). Indeed one may readily verify
that
d
d ln k
(ǫτ) = 0 (7.6)
for allWT (k) andWL(k) if the equation of state is ǫτ = constant. This means that ǫτ = µ
2 is
the equation of state of renormalized wiggly Nambu-Goto strings no matter how many wig-
gles are added to the string providing only thatWT (k) andWL(k), as functions of wavevector
k, are everywhere sufficiently small. The equation of state ǫτ = µ2 for renormalized wiggly
Nambu-Goto strings was conjectured by Carter [4] and Vilenkin [5]. In ref. [6], using the ar-
gument just given, it was shown that ǫτ = µ2 is indeed the equation of state of renormalized
wiggly Nambu-Goto strings to lowest non-trivial order in the amount of wiggliness. But it
was also explicitly shown in ref. [6] that in higher orders there are deviations from ǫτ = µ2.
Fig. II provides a summary. The short-dashed lines represent the paths in (ǫ, τ) space
which are followed when a string is homogeneously stretched. The short-dashed lines are
therefore given by the equation of state. The long-dashed lines represent the paths in (ǫ, τ)
space which are followed when one renormalizes ǫ and τ to average out small scale wiggles.
The long-dashed lines are therefore given by integrating the renormalization group equations
(3.30). The central aim of this paper is to derive the modification of the equation of state
that results from averaging out small scale wiggles, i.e., to determine how the short-dashed
lines are related to one another when one moves along the long-dashed lines. Our results in
this regard are stated in sections V and VI. The equation of state ǫτ = µ2 is shown by the
solid line in Fig. II. It has the following special property: if at any point on the solid line
the short-dashed line is parallel to the solid line, then the long-dashed line is also parallel
to the solid line there. As a consequence of this and the fact that ǫτ = µ2 for a wiggly
Nambu-Goto string near ǫ = τ = µ, when adding wiggles to such a string and averaging
over them, one remains forever on the ǫτ = µ2 line, to lowest order in perturbation theory.
Finally, let us apply the results of section V to the RWNG string. Using the equation of
state ǫτ = µ2, Eq. (5.12) implies that the amplitude of transverse wiggles on a RWNG string
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stays constant when the string is slowly stretched, just as is the case for the Nambu-Goto
string. In addition, Eq. (5.8b) tells us that the β-amplitude of a longitudinal wiggle on a
RWNG string is constant when the string is slowly stretched.
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FIGURES
FIG. 1. Comoving Orthogonal Coordinates parametrizing a homogeneously stretching string:
the radial lines which emerge from (t, x) = (− 1H , 0) are equi-σ, while the hyperbolas are equi-λ.
Note that the homogeneously stretching string may be defined only inside the future light cone of
(t, x) = (− 1H , 0).
FIG. 2. Behaviour of string parameters ǫ and τ under adiabatic stretching and under renor-
malization to average out small scale wiggles. The point of coordinates (ǫ, τ) moves along a
short-dashed line when the string is adiabatically stretching, whereas it moves along a long-dashed
line when ǫ and τ are redefined to average out small scale wiggles. The solid line represents RWNG
strings for which ǫτ = µ2, while the blob at the end corresponds to a NG string.
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